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Let k he a global field or a local field. Class field theory says that every 
central division algebra over k is cyclic. If k contains Z*'^ roots of unity, for a 
prime / not equal to the characteristic of k, then every element in H'^{k, is 
a symbol. A natural question is a higher dimensional analogue of this result: 
let F be a function field in one variable over k {k being a global field or a 
local field) which contains l^^ roots of unity. Is every element in H^{F, fii) 
a symbol? This question, for F = Qp(t) and I = 2 was raised by Serre ([Se], 
§8.3) in the context of the study of (j'2-torsors over this field. He remarks that 
if every quadratic form in at least nine variables over Qp(t) has a non-trivial 
zero, then indeed every element in if^(Qp(t), H2) is a symbol. In view of 
([PS2], Heath-Brown/Leep [L]), every quadratic form over Qp(t) in at least 
nine variables has a non-trivial zero so that every element in H^{Q,p(t), ^2) 
is a symbol. In ([PSl], [PS2]), we proved that every element in H^{F, ni) is 
a symbol for a function field in one variable over a p-adic field, / 7^ p. This 
was a key ingredient in the final proof ([PS2]) that over a function field in 
one variable over a non-dyadic p-adic field, every quadratic form in at least 
nine variables has a non-trivial zero. 

We observe that if A; is a global field of positive characteristic p 7^ 2 and 
F a function field in one variable over /c, F is a C3 field and every quadratic 
form in 9 variables over F has a non-trivial zero. In particular every element 
in H^{F, ^2) is a symbol. In this paper, we prove that if / is a prime not 
equal to p and F contains a primitive l*^ root of unity, then every element 
in H^{F, fii) is a symbol. If F is the function field of a curve over a p-adic 
field k with p ^ I, a local-global principle for elements of H^{F, fii) in terms 
of symbols in H^{F, fii) with respect to discrete valuations of F is proved in 
([PS2]). The main idea in this paper is to extend this local-global principle 
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to the setting where A; is a global field of positive characteristic. Surprisingly 
this local global principle is equivalent to the vanishing of certain unramified 
cohomology groups of 3-folds over finite fields. 

Let X be a smooth projective surface over a finite field F of characteristic 
p not equal to 2. Let / : F — > X be a surjective morphism, Y being a 
smooth, projective 3-fold over F, with the generic fibre of / a smooth conic 
over F(X). Using the local-global principle described earlier, we prove that 
the unramified cohomology group H^r(^{Y)/Y,Cli/Zi{2)) is zero if Z 7^ p. 
The vanishing of the unramified cohomology groups has consequences in the 
study of integral Tate conjecture and Brauer-Manin obstruction for existence 
of zero-cycles (cf. §6). 

We conclude (§6, 6.2) that if X is a smooth projective geometrically 
integral ruled surface over F and Y ^ X a surjective morphism with the 
generic fibre a smooth conic, then the cycle map CH'^{Y)i^Zi — >■ H^(Y, Z;(2)) 
is surjective. If X = C x P^, C being a smooth projective curve and Y ^ C 
the composite morphism F — )> C x — )> C, then Brauer-Manin obstruction 
is the only obstruction to local-global principle for the existence of zero-cycles 
of degree one on the generic fibre y^, rj being the generic point of C (6.2). 

We would like to thank CoUiot-Thelene for bringing to our attention 
questions related to the unramified cohomology of varieties over finite fields 
and their connections to the integral Tate conjecture. We also thank him for 
helpful discussions when this work was carried out. We also thank Saltman 
for discussions on splitting ramification on surfaces. 

1. Some Preliminaries 

In this section we recall a few basic facts from the theory of Galois cohomol- 
ogy. We refer the reader to ( [CTl])). 

Let F be a field and / a prime not equal to the characteristic of F. Let 
/i; be the group of l^^ roots of unity. For i > 1, let /if* be the Galois module 
given by the tensor product of i copies of For n > 0, let H'^{F, jif'^) be 
the n*^ Galois cohomology group with coefficients in yuf *. 

We have the Kummer isomorphism F* / F*^ ~ H^{F, fii). For a E F*, 
its class in H^{F, fii) is denoted by (a). If e F*, the cup product 

(ai) • • • (a„) e H''^{F, /if") is called a symbol. We have an isomorphism 
H'^{F, Hi) with the Z-torsion subgroup iBr{F) of the Brauer group of F. 
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We define the index of an element a G H^{F, ni) to be tlie index of tlie 
corresponding central simple algebra in iBr{F). 

Suppose F contains all the l^^ roots of unity. We fix a generator p for the 
cyclic group /i/ and identify the Galois modules /if* with pi. This leads to 
an identification of /xf™) with fxi). The element in H''{F, fii) 

corresponding to the symbol (ai) ■ ■ ■ (a„) G H"'[F, /if") through this identi- 
fication is again denoted by (ai) • ■ ■ (a„). 

For a discrete valuation u of F, let /^(u) denote the residue field at 
Ov the ring of integers in F at z/ and F^, the completion of F at v. Let 
a G H'^{F, fif"^). We say that a is unramified at z/ if a is in the image of the 
restriction map H^t^O,,, jif"") H''{F, /if™). We say that a is ramified 
at v if it is not unramified at v. Suppose char(fi;(z/)) ^ I. Then there is a 
residue homomorphism : //"(F, /if"^) ^ //"-^(^(z/), /if^™"^^). For an 
q; G H^{F, nf^), a is unramified at v if and only if di,{a) — 0. Suppose 
a is unramified at v. Let tt G F* be a parameter at v and = a • (tt) G 
H"+\F, /xf^"+^^). Let « = a^(C) G H'\k{u), /if™). The element « is 
independent of the choice of the parameter tt and is called the specialization 
of a at v. 

Let A" be a regular integral scheme of dimension d, with field of fractions 
F. Assume that / is a unit on X. Let A"^ be the set of points of X of 
codimension 1. A point x G X^ gives rise to a discrete valuation z/^ on F. 
The residue field of this discrete valuation ring is denoted by k{x). The 
corresponding residue homomorphism is denoted by d^- We say that an 
element C, G H'^{F, pf"^) is unramified at x if ^^^(C) = 0; otherwise it is said 
to be ramified at x. We define the ramification divisor ram^((^) = ^' as x 
runs over the points of X^ where C is ramified. The unramified cohomology 
on Xj denoted by H^^^.{F / X , /if™), is defined as the intersection of kernels 
of the residue homomorphisms : H^{F, jjf"^) — )■ H'^~^{k{x), /ff*-™'"^^), 
X running over X^. We say that ( G H"{F, /if*") is unramified on X if 
C G H:;1^{F/X, nf^)-, ax ^ Spec(i?), then we say that C is unramified on R 
if it is unramified on X . If i? is a local ring at some point P of X, then we say 
that a is unramified at P if it is imramified on R. Suppose C is an irreducible 
subscheme of X of codimension 1. Then the generic point a; of C belongs to 
X^ and we set dc = d^. If a G H"'{F, /if*") is unramified at x, then we say 
that a is unramified at C. The group of elements of H'^{F, jjf^) which are 
unramified at all discrete valuation of F is denoted by H'^^{F, jjf'^). If C 
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is an integral curve (not necessarily regular) with function field k{C), then 
H-^,{k{C)/C, i^f"") denotes the subgroup of i/"(fi:(C), /xf™) consisting of 
those elements which are unramified at all discrete valuations of «;(C) which 
lie over a closed point of C. Note that if C is regular this notation coincides 
with earlier one. 

Let X be a regular, integral surface and K its function field. Let D be 
a divisor on X. Then by the resolution of singularities for surfaces (cf. [Lil] 
and [Li2]), there exists a regular, integral surface X' with a proper birational 
morphism X' — >■ X, such that the total transform of D is a union of regular 
curves with normal crossings (cf. [Sh], Theorem, p. 38 and Remark 2, p. 43). 
We use this result throughout this paper without further reference. 

We now recall some facts concerning ramifications of division algebra on 
surfaces from ([SI], [S2], [S3]). Let K be the function field of regular integral 
surface X. Let / be a prime which is a unit on X. Assume that k contains 
a primitive l^^ root of unity. Let a G H^{K, fii). Assume that ram^(a) is a 
union of regular curves with normal crossings. Let P E X he a closed point. 
If P is not on any curve in the support of Ta.mx{cy), then a is unramified on 
p. Suppose that P is on a curve in the support of ram^(Q;). 

If P is only on one irreducible curve C in the support of ram^(Q;), then we 
say that P is a curve point for a. Let P be a curve point of a and tt G Op^ p 
define the curve C at P. Since P is a curve point of a, there exists a unit 
u G p such that (9c(a) = (u) G H^{k{C), jii). Further for any such 

unit u G Op^ p, we have ([SI], 1.1) a = a' + (tt) • (u) where a' G H^{K, fii) 
is unramified at P. Let be a curve on X which is not in the support of 
ram^(Q;) and which passes through the point P and 5 a prime in P = Op^ p 

defining the D at P. Let Rs be the integral closure of R/ (5) in its field of 
fractions. We say that D is an unramified prime at P with respect to a if the 
specialisation of a at D is unramified at all the discrete valuation of R^. 

Suppose that P is on more than one curve in the support of ram^(Q;). 
Since the support of ram^(Q;) is a union of regular curves with normal cross- 
ings, P is only on two curves, say C and in the support of ram^(Q;). 
Such a point P is called a nodal point. Let tt and 5 in O p define C and 
E at P respectively so that the maximal ideal of Op^ p is generated by tt 
and S. Suppose that dc{a) G H^{k{C), jii) and 9e(q;) G H^{k{E), fii) are 
unramified at P. Let u{P),v{P) G H^{k{P), ni) be the specialisations at P 
of dc{a) and 9e(q;) respectively. Following Saltman ([S2], §2), we say that 
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P is a cool point if u{P),v{P) are trivial and a chilli point if u{P) and v{P) 
generate the same subgroup of H^{k{P), Z//Z) and neither of them is triv- 
ial. If u{P) and v{P) do not generate the same subgroup of H^{k{P), Ti/lTi), 
then P is said to be a hot point. The condition that dc{cx) G H^{k.{C), Z/IZ) 
and dE{c() G {k{E) , Z / IZ) are unramified at P is equivalent to the con- 
dition a = a' + {u) ■ (tt) + (f ) ■ (5) for some units u, v G Ox.p and a' 
unramified on Op^ p ([S2], §2). The specialisations of dc{o) and in 

H^{k{P), Z/IZ) ~ k{P)* / k{P)*'^ are given by the images of u and t; in k{P). 
We say that P is a cold point if 9c (a) and dE{a) are ramified at P. 

Suppose P is a chilli point. Then f (P) = u{Py for some s with 1 < s < 
/ — 1 and s is called the coefficient of P with respect to C . Saltman ([S2]) 
defined a graph using chilli points and showed that we can blow up X and 
assume that there are no loops in this graph and further one may assume 
that a has no cool points on X. Assume that there are no chilli loops on 
X for a. Let {Ci, • • • , Cn} be the support of the ram^(Q;). Then Saltman 
([S2]), showed that there exist integers Sj, 1 < i < n, such that for every 
chilli point which is on Ci and Cj for some i ^ j, then the coefficient of P 
with respect to Cj is given by Si/ Sj. We call these Sj's as coefficients of a at 

2. The Brauer group of a surface 

Let A" be a regular integral surface which is quasi projective over an affine 
scheme. Let K be the field of fractions of X . Let / be a prime which is a 
unit on X. Assume that K contains a primitive root of unity. 

Let a G H'^{K, ni) with index I. Suppose that the ramification locus 
ram;f (a) is a union of regular curves Ci, • • • , C„ with only normal crossings 
and a has no cool points and no chilly loops on X. Let Sj be the corre- 
sponding coefficients attached to Ci (cf. §1). Let Fi,---,Fr be irreducible 
regular curves on X which are not in the support of Ta.mx{c() and such that 
{Pi, ■ ■ ■ , Fr, Ci, ■ ■ ■ , Cn} have only normal crossings. Let mi, ■ ■ ■ , rrir be inte- 
gers. 

Suppose that E = J^tjEj is a divisor on X such that all the t/s are 
coprime with /, Efs are distinct from Cj, Pg and do not pass through the 
intersection points of Ci, ■ • • , C„, Pi, ■ ■ • , P^. Further assume that the inter- 
section multiplicity (P-Cj) p at any point P is a multiple of I for all 1 < i < n. 
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We begin with the following Lemma due to Saltman ([S3], 7.12). We 
record here a proof due to Saltman, which bridges missing details in the 
original proof. 

Lemma 2.1 There is an element x E K* such that {x) = Y.'tjEj + E" 
where E" docs not contain in its support any Cj, Eg, Fj and does not pass 
through the points of intersection of Ci, • • • , C„, Fi, • • • , Fj.. Further every 
curve D in the support of E" with prime to I coefficient is an unramified 
prime at all points oi D nCi for all i with respect to a. 

Proof. Let V he a finite set of closed points consisting of all the points of 
intersection of Ci, ■ ■ ■ , C„, Ei, - ■ ■ , Em, Fi, ■ ■ ■ ,Fr and at least one point from 
each components Ci,Fj and Eg. By ([S3], 7.11), there exists 6 e K* such 
that {S) = J2 tjEj + E' satisfying the following properties: 

1) E' avoids Ci and Ej in its support, does not pass through any point 
of V except possibly some points of intersection of Ci and Cj for i ^ j. 

2) dci{<y) = [S), where 6 denotes the image in K{Ci). 

Let R be the semi-local ring at V. Let T be the integral closure of R in 
L — K[\f5). Note that there is a unique prime Ej in Spcc(T) lying over Ej 
because L/K is ramified at Ej for all j. 

Since T is normal, it is regular at codimension one points. We claim that 
this divisor J2'tjEj is principle on T. Since T is semi-local, it is enough to 
verify that Y^tjEj is principle at each maximal ideal m of T. Let P G P be 
the point corresponding to the maximal ideal of R lying below m. If P is 
not on any of the E^'s, then clearly J^tjEj is trivial at m. Suppose that P 
is on Ej for some j. Since E' passes through at most Ci f] Cj, i j , among 
the points of V and Ej avoids all such points, E' does not pass through P. 
Hence the divisor of 5 at P is t^^Ej. In particular, the divisor of at m is 
J2tjEj. We conclude that J2tjEj is principle at m. 

Let w eThe such that the divisor of w on T is tjEj. Let x — Nl/k{w). 
We claim that x has the required properties. The divisor of a; on P is tjEj- 
Hence the divisor (x) of a; on A* is of the form tjEj + E" for some E" which 
avoids all the points of V. 

Let D be a curve in E" with prime to I coefficient in (x). Let P be a point 
of intersection of D and Cj for some i. Let 7r,9 & Op^ p be primes defining 
Ci and D at P respectively. Since E" avoids all the point of V, P is not on 
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any Ej. Since the divisor of 5 on i? is J2tjEj, 5 is a unit at P and L/K is 
unramified at P. Since the coefficient of D in (x) is coprime to / and a; is a 
norm from L, L/K being Galois, D splits completely in L. Thus the image 
of 5 in is an V"^ power. Since E" avoids all points of intersection of 
and Cj, P is a curve point for a. Since 5 is a unit in Op^ p and 5 is the lift 
of the dcX'^)i W6 have a = a' + (vr) ■ {6) for some a' unramified on O p. 
Thus the specialisation of a at D is a' + (tT) ■ (5). Since a is unramified at P 
and 5 is an Z*'*^ power in k{D), the specialisation of a at is unramified on 
the integral closure of Op^ pj iff) in Thus D is an unramified prime at 

P with respect to a. □ 

Proposition 2.2 Let A", K and / be as above. Let a G H^{K, fxi) with 
index /. Suppose that the ramification locus ramxia) is a union of reg- 
ular curves with only normal crossings and a has no cool points and no 
chilly loops on X. Let Sj be the corresponding coefficients with respect 
to a. Let Fi,---,Fr be irreducible regular curves on X which are not in 
ram^f (a) = {Ci, ■ ■ ■ , C„} and such that {Fi, ■ ■ ■ , Fr} U ram;f (a) have only 
normal crossings. Let mi, ■ ■ ■ , be integers. Then there exists g e K* such 
that 

divM = E ^iCi + E "^sFs + E ^jDj + IE', 

where Di, - ■ ■ ,Dt are irreducible curves which are not equal to Q or Fs for 
all i, s, {rij, I) — 1 and the specialisation of a at Dj is in H^j.{K{Dj)/Dj, /ii) 
for all j. 

Proof. Let T be a finite set of closed points of X containing all the points 
of intersection of distinct Cj and Eg and at least one point from each Ci 
and Eg. By a semilocal argument, we choose f E K* such that divx{f) = 
J2siCi + J^'iTT'sFg + G where G is a divisor on X whose support does not 
contain any of Ci or Fs and does not intersect T. 

Since a has no cool points and no chilly loops on X, by ([S2], Prop. 
4.6, see also [PS2], proof of 3.2), there exists u G K* such that d\vx{uf) = 
J2 SiCi + TTT'sFs + J2 tjFj , where E = J2 tjEj is a divisor on X whose support 
does not contain any Cj or Eg, does not pass through the points in T and 
either E intersect Ci at a point P where the specialization of dci{a) is or 
the intersection multiplicity {E ■ Ci)p is a multiple of /. By ([S3], 7.8), we 
assume that E intersects all points of the Ci with multiplicity a multiple of 
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/, by blowing up, if necessary, the points of intersection of E and Cj with 
speciahsation of dd (a) equal to zero. 

By (2.1), there exists x e K* such that (x) = EtjEj + E" with E" 
does not contain any Cj, Fj or any of the nodal points of iam.x{oc) and -Fj's. 
Further, all the curves in E" with prime to / coefficients in {x) are unramified 
with respect to a at any intersection point with a Cj. 

Let Dhe a. curve which is in the support of E" with prime to / coefficient. 
Since D is not equal to Cj for an i, o; is unramified at D. Let a be the 
specialisation of a at D. Let P be a point oi D. If P is not on any of Cj, a 
is unramified at P and hence a is unramified on D at P. In particular a is 
unramified at all those discrete valuations of /t(-D) lying over the local ring 
Od,p- Suppose that P is on Q for some i. Then by the choice of x, D is an 
unramified prime with respect to a at P. Thus a is unramified at all those 
discrete valuations of k{D) lying over Od,p- Thus g — x~^uf e K* has the 
required properties and the proof is complete. □. 

3. A local-global principle 

Let A' be a regular integral surface and K its function field. Let / be a prime 
which is a unit on X. We assume that K contains a primitive l^^ root of 
unit. We say that {K,X) satisfies a local- global principle for H^{K, /ii) in 
terms of symbols in H'^{K, ni) if the following holds: Given ( G H^{K, fii) 
and a symbol a G H^{K, ni), if for every x E there exists fx G K* 
such that C ~ ■ (/x) ^ H^ri^x, l^'i), then there exists / G K* such that 
C-a-{f)eHl{K/X, f^i). 

The following theorem follows on parallel fines along the proof of ([PS2], 
3.4) with results from §2 substituting the ingredients in the case of function 
fields of p-adic curves. 

Theorem 3.1 Let A" be a regular integral surface and K its field of frac- 
tions. Let I be a prime which is a unit on X. Suppose that for every 
D G X^, H^j.{k,{D), Hi) — 0. Then {K, X) satisfies the local-global principle 
for H^{K, Hi) in terms of symbols in H^{K, jii). 

Proof. Let G H^{K. jii) and a G H^{K, fii) which is a symbol. Suppose 
that for every x E X^ there exists fx G K* such that C~ccifx) G H^ri^x, l^i)- 
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Let C be a finite set of codimension one points of X containing ramx{a) U 
ramxiC)- By tlie weak approximation, we find / G K* sucfi tfiat (/) = 
(fx) e H'^{Kx, l^i) at all x eC. Let 

{f)x = C' -Y,m,F, + lE, 

where C is a divisor with support contained in C, Fj's are distinct irreducible 
curves which are not in C, rrii are positive integers coprime to / and E some 
divisor on X. 

Let be a finite set of closed points of X containing all the points of 
intersections of curves in C and at least one point from each curve in C. Let 
A be the semi-local ring at V. 

Let C E C. If C G ramx{C) \ ram^(a), let uq G /^(C)* which is not an 

power. If C G ramx{oi), let uc G n{C)* be such that (?c(a) = {uc)- If 
C ^ ramx{C,) U ramx^oi)-, then let uc G i^{C)* be any element. 

By Chinese remainder theorem, there exists u G K* with u — uc for all 
C G C and vfXu) = rrii. In particular -u is a unit at C for any C G C. 

Let L = K{^/u). Let 77 : 3^ — > A' be the normalization of X in L. Since 
I'Fiiu) = rrii and is coprime to /, 77 : 3^ — )■ A* is ramified at Fj. In 
particular there is a unique irreducible curve Fj in y such that ri{Fi) = 
and K,{Fi) — K{Fi). 

Let TT : 3^ ^ 3^ be a proper birational morphism such that 3^ is regular 
and rarriy^a), ramy{C) and the strict transform of Fi on y are a union of 
regular curves with normal crossings. We denote the strict transforms of 
by Fi again. 

Let C be an irreducible curve in Y . Suppose that r7*7r*(C') = dC for some 
irreducible curve in X. Since L/K is a Galois extension and [L : K] = I 
is a prime, (i = 1 or L Suppose C is an irreducible curve in rarriy^a) and 
r]{Ti{C)) = C is an irreducible curve in X. By the choice of m, C is inert in 
3^ and hence rj^ix^iC) = IC. 

Since vwny^a) and Fj, 1 < i < r have only normal crossings, Fj's do 
not pass through the nodal points of ram-p(Q;). Thus, by (2.2), there exists 
g e L* such that 

divyig) = C" + ^iFi + ^i^i + 

where C" is a divisor with support contained in ramy{a)^ G is a divisor on 
3^, integers rij coprime to / and irreducible curves Dj^s not equal to Fj, a is 
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unramified at Dj and the specialisation of o; in K{Dj) is in H^^[K{Dj)/Dj, ni). 
Note that rj^Ti^iC") is a multiple of /. 

We now claim that C ~ ' (f^L/Kig)) is unramified at all codimension 1 
points of X. Let a; be a codimension one point of X. 

Suppose X is not in ram^(a) Uramx{C) ^ Supp{fNL/K{g)). Then ( and 
« ■ ifNi/Kig)) Siie unramified at x. 

Suppose that x is in ramx{o:) U ramx{C)- Then by the choice of / we 
have (/) = (fx) e H^{Kx, Hi). Hence C, — oi ■ {f) is unramified over K^. 
By the choice of m, a ■ {Ni^jK^g)) is unramified at x (cf. [PS2], 3.3). Hence 
C, — a ■ ifNi/Kig)) is unramified at x. 

Suppose that x is in the support of divxifNi/Kig)) and not in ramx{a)LI 
ramx{C)- Then a and C are unramified at x. We have 

divx{fNL/K{g)) = divxU) + dwx{NL/K{g)) 

= C'-E rriiFi + IE + r/,7r, (C" + E ^i^i + E ^j-Dj + ^C) 
= C + j:njri^7r^{Dj) + lE'. 

for some If Dj maps to a point, then ri^'K^{Dj) = 0. The point x is in 
the support of ri^n^{Dj) for some j or a; is in the support of E'. In the later 
case, a ■ {fN^jK^g)) is unramified at x. 

Suppose X is in the support of r)^7T^{Dj) for some j. If x occurs with mul- 
tiplicity a multiple of I in divxifNi/xig)), then a • (fN^/Kig)) is unramified 
at X. Suppose x occurs with multiplicity coprime to / in divx{fNL/K{g))- 
In this case, x = rj^Ti^lDj) for some j and x is a split prime in L/K. In 
particular k,{x) = K,{Dj). By the choice of g, is unramified at Dj with 
specialisation of a in n{Dj) is in H^^{K.{Dj)/Dj, ni). Since by the assump- 
tion H^j.(K,(Dj), 111) — 0, the speciahsation of a in K,{Dj) is zero. Since the 
residue of a ■ {fNi/K^g)) at x is the specialisation of a at Dj, the residue is 
trivial. This completes the proof. □ 

Corollary 3.2 ([PS2], 3.4) Let be a p-adic field and / a prime not equal 

to p. Let X be a curve over k and K its field of fractions. Assume that 

K contains a primitive V'^ root of unity. Let A" be a regular proper curve 

over the ring of integers in k with the function field K. Let C, G H^{K, fii) 

and a G H^{K, fii). If for every codimension one point x of X there exists 

fx G K* such that ( = a ■ {fx) G H^{Kx, jii), then there exists f E K* such 
that C = a • (/) G ^^). 
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Proof. Let D be a curve in X. Then the residue field k,{D) is either a 
local field or a function field of curve over a finite field. In either case we 
have iBr{D) = 0. By (3.1), there exists f E K* such that (-«•(/) e 
Hl^{K/X, fii). By a theorem of Kate ([Ka], 5.2), we have H^^{K/X, ni) = 0. 
In particular ^ = a • (/). □. 

Corollary 3.3 Let /c be a finite field and / a prime not equal to the char- 
acteristic of k. Let X be a smooth projective surface over k and K its field 
of fractions. Assume that K contains a primitive V'^ root of unity. Let 

C € H^{K, jjLi) and a G H'^{K, fii). If for every codimcnsion one point x 
of X there exists G K* such that ( = a ■ {fx) G H^{Kx, Hi), then there 
exists f e K* such that C = a • (/) e H^{K, hi). 

Proof. Let D he b. curve in X. Then is a projective curve over a finite 
field. In particular iBr{D) = 0. By (3.1), there exists / G K* such that 
C - a ■ (/) G HliK/X, i^i). By ([CTSS], [Ka]), we have H^^K/X, pn) = 0. 
In particular C = • (/). □. 

4. The of the funct ion field of a surface 

Let X be a field of characteristic not equal to 2. Suppose that for every 
discrete valuation u of K, the characteristic of k{i') is not equal to 2 and 

every clement in H'^{k{v), ^2) is a symbol. Since H^^{K^, ^i) is the kernel of 
the residue homomorphism d^, : H^{K^, ^2) ~^ H'^i^^i^)) t^2), every element 
C G H^{K^, 112) is of the form (' + {u) ■ (v) ■ {%) for some C' e Hl^{Ky, 112), 
u,v units in Oi, and tt & 0,y a parameter (cf [PS2], proof of 1.1). 

Theorem 4.1 Let X be regular integral surface and K its field of fractions. 
Let / be a prime not equal to the characteristic of K. Suppose that K 
contains a primitive l^^ root of unit. Assume that for x E X^, every element 
in H^{k{x), Hi) is a symbol. If the local-global principle holds for H^{K, fii) 
in terms of symbols in H'^{K, jii), then every element in H^{K, jii) is of the 
form ^ (a) • (6) • (c) for some a,b,ce K* and ^ G H^^{K/X, jii). 

Proof. Let C ^ H^{K, Hi)- Let a; G A' be a point of codimension 1. Then 
( is unramified at almost all codimension one points of X. Let xi, - ■ ■ ,Xn 
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be all the codimension one points of X where ( is ramified. Since, by the 
assumption, every element in H^{K,{i),ni) is a symbol, we have C = A + 
(oi) • (bi) ■ (q) e H^{K^., Ill) for some a^, hi, Ci e K^. and A e H^A^xt: fJ-i)- 
By the weak approximation, there exist a,b & K* such that (a) = (a,) and 
(6) = (6,) in H\K^^, fii). Let a = (a) • (6) e H'^{K, pn). Then we have 
a = (ai) ■ (bi) e H'^{K,:,, fn) for all i. 

Let a; be a codimension one point of X. We set fx = Ci'ii x = Xi for some 
i and fx — i otherwise. By the choice of a and fx, we have ( — a ■ {fxi) — 
Pi e Hl^{Kx,. in) for 1 < i < n. If x ^ Xi for any i, then ( G H^^{Kx, Hi) 
and a ■ (/a^) = 1, by the choice of fx- Thus ( — a ■ (fx) G H^j.{Kx, fJ^i) for all 
a; G X^. Since, by the assumption, the local-global principle for H^(K, fii) 
in terms of symbols in H'^{K, ixi) holds for {K, X), there exists / G K* such 
that C, — a • (/) — C, — {a) ■ {h) ■ (/) is unramified at every codimension one 
point of A". □. 

Corollary 4.2 ([PS2], 3.5) Let A; be a p-adic field and / a prime not equal 
to p. Suppose that k contains a primitive of unity. Let X be a curve over 
k and K its function field. Then every element in H^{K, fii) is a symbol. 

Proof. Let Ok be the ring of integers in k and X a regular integral surface, 
proper over Spec(Ofc) with function field K. Let a; be a codimension one 
point of X . Then k{x) is either a p-adic field or a function field of a curve 
over a finite field. In either case, every element in H'^{k{x), Hi) is a symbol. 
Since Hl^K/X, in) = ([Ka], 5.2), the corollary follows from (4.1). □ 

Corollary 4.3 Let A; be a finite field and X a smooth, projective, geomet- 
rically integral surface over k. Let K be the function field of X. Let / be a 
prime not equal to char(/c). Assume that k contains all the l^^ roots of units. 
Then every element in H^[K, hi) is a symbol. 

Proof. Let x be a codimension one point of X. Then k{x) a function field 

of a curve over a finite field and hence every element in H'^[k{x), hi) is a 
symbol. Since H^^{K/X, = ([CTSS], [Ka]), corollary follows from 
(4.1). □ 
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5. The unramified of function fields of conic 
fibrations over surfaces 



Let X be a field of cfiaracteristic not equal to 2. For a discrete valuation u 
of K, let Ki, be the completion oi K at u and /^{u) the residue field at u. 

We say that a local- global principle for H^{K, jj,2) holds in terms of sym- 
bols in H^{K, ^2) if for every G H^{K, ^2)1 ol G H^iK^ ^12) representing 
a quaternion algebra over K and v a discrete valuation of if there exists 
fv G Kl such that C, — a - {fy) G H^^{Ky, 1x2) then there exists / G -ftT* such 
that C - a • (/) e /i2). 

Theorem 5.1 Let K he a, field of characteristic not equal to 2. Suppose 
that for every discrete valuation v of the characteristic of Kiy) is not 
equal to 2. The local-global principle for H^{K, in terms of symbols 
in H'^{K, H2) holds if and only if for every smooth conic C over K, the 
restriction map 

Hl{K, H2)^Hl{K{C), fX2)nimage{H%K,fX2)) 

is onto. 

Proof. Suppose that the local-global principle for H^{K, ^2) in terms of 
symbols in H^{K, ^2) holds. Let /3 G H^^{K (C) , ^2) which is in the image 
of H^{K,ii2)- Let C e H^{K, 112) which maps to /3. Let a G H'^{K, 1^2) be 
the element representing the quaternion algebra associated to the conic C. 

Since a • (/) G H^{K,H2) maps to zero in H^{K{C),fi2) for any / G K*, 
it is enough to show that there exists / G K* such that ( — a ■ (/) G 
Hfi^j.{K, ^2)- Since the local-global principle for H^{K, H2) in terms of sym- 
bols in H'^{K, H2) holds, it suffices to show that for every discrete valuation 
u of K, there exists fi, G K* such that C ~ " ifi^) ^ H^A^j^i A*2)- 

Let z/ be a discrete valuation of K. If C is trivial over K,^, then ^ = a • (1) 
over Ky. Assume that C, is non-trivial over Ky. 

Suppose that a is unramified at v. Then there exists a discrete valuation 
w on i^(C) extending v on K with residue field fi;(z/)(C), where C is the 
reduction of C at i/. Since ^ G H^^{K{C), H2) is the image of C G H^{K, /X2), 
we have = = over k{u)(C). Since dy{C) 7^ in H'^{k{i'), ^2) 
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and C is the conic associated to the speciahsation a of a at u, by a theorem 
of Amitsur, we have du{C) — ct- Since Ki, is a complete discrete valuated 
field with residue field k{i'), we have C ~ o; ' i'^) £ ^nri-^i^j 1^2) ■ 

Suppose that a is ramified at u. Then we can write a = (a) ■ (bn) over 
for some a,b & K* which are units in Oi,. There is an extension w of u 
to K{C) with residue field /t(z/)(v^)(t)- As above since the residue dw{() is 
zero over k,{w) = K,{i'){\/u){t), it follows that diy{Q is split over K{l'){^/u) 
and hence di,{() — (a) • (c) for some unit c e Oi,. Hence C' = C ~ («) ' (c) • (tt) 
is unramified at i/. We have over K^, 

C - a ■ (c) = C - (a) • (c) • (tt) + (a) • (c) • (tt) - (a) • (c) • (fevr) = C' - (a) • (6) ■ (c) . 

Since a, b, c are units at u, (a) • (c) • (6) is unramified at u. In particular 
C — q; ■ (c) is unramified at z/. 

Conversely, suppose that the restriction map ^ H^j.{K{C), 112) 

r\image{H^{K, H2)) is onto. 

Let C e H^{K, 112) and a e H'^{K, 112) representing a quaternion algebra. 
Suppose that for every discrete valuation u there exists e such that 
C-a- (/.) G Hl.{Ku,f^2)- 

Let C be the conic associated to a. Let w be a discrete valuation on K{C). 
Suppose that w is trivial on K. Since ( is defined over if, ^ is unramified at 
w. Assume that w is non-trivial over K. Let u be the restriction of w to 
Then we have Ki, C i^^,y(C) C K{C)w Since ^ — a ■ (/j,) is unramified at u 
and a ■ (fu) is zero over fC(C)ui, C is unramified at w. 

In particular ( G Hf^j.{K{C), /X2) nimage(i7^(ii', /i2))- By the hypothesis, 
there exists /3 G H'^^{K, 1^2) which maps to C, in H^{K{C), 112) ■ Since 
C-PeH^K, H2) maps to in H^{K{C), //s), we have C = /3 + a • (/) for 
some / G X* ([A]). Since (3 G H^ri^^ 1^2) we are done. □. 

VFe thank Piruka for for the observation that no condition on the Brauer 
group of the residue fields is required in the hypothesis of 5.1. 

Corollary 5.2 Let A; be a finite a field of characteristic not equal to 2. Let 

X be a smooth, projective, integral surface over k and K its function field. 
Let n be a natural number coprime to the characteristic of K and C a conic 
over K. Then Hl^{K{C), = 0. 
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Proof. Suppose that C is the projective hne. Then we have H^^[K{C), 
c^Hl{K, /x„)=0([CTSS], [Ka]). 

Assume that C is an anisotropic conic. Since C is isomorphic to the 
projective hne over a degree 2 extension of K, it foUows that the cokernel of 
the map Hl^{K, Hi^^{K{C), fin) is 2 torsion. Since Hj^^i^^ f^n) = 

([CTSS], [Ka]), Hl,{K{C), fin) is 2-torsion. Hence H^^^{K{C), fin) C 
H^j.{K {C) , fi2)- Thus it is enough to show that H^^{K{C), fi2) = 0. 

Let P e H^r{K{C), fi2). We identify H^{K,fi2) with its image in 
H\K,Qm) ([MS]). 

Since C is a smooth conic, there exists C G H''^{K, Q/Z(2)) which maps to 
/9(KRS],Thm. 5). Let f be a discrete valuation of i^'. As in the proof of (5.1), 
there exists a discrete valuation w of K{C) with k.{w) either the function field 
of a conic over k{v) or the function field of the projective line over a quadratic 
extension of k,{v). We have d^{Q (8) k{w) = dw{f3) = 0. Since k,{w) is cither 
the function field of a conic over k{v) or the function of the projective line 
over a quadratic extension of k,{v), it follows that 2dv{() = 0. Hence 2( is 
unramified at v. Since H^ri^, Q/Z(2)) = ([CTSS], [Ka]), 2C = 0, i.e. 
C e H^K,fi2). Hence p e H^,{K (C) , fi2) D imeige{H'^ {K , fi2)) ■ By (3.3) and 
(5.1), the map Hnr{K, fi2) — )■ Hn^.{K{C), fi2) (1 image{H^{K, fjL2)) is onto. 
Since Hl^{K, //a) = ([CTSS], [Ka]), the theorem follows. □. 

Corollary 5.3 Let /c be a p-adic field with p 7^ 2. Let X be a smooth, 
projective, integral curve over k and K its function field. Let / be a prime 
not equal to 2 and C a conic over K. Then H^^{K{C), fii) — 0. 

Proof. Since Hl^{K, fi2) = ([Ka], 5.2), the theorem follows (3.2) and 
(5.1) as above . □. 

6. Local-global principle for zero-cycles and 
integral Tate conjecture 

Let F be a finite field and X a smooth, projective, geometrically integral 
variety over F of dimension d. Let / be a prime not equal to the characteristic 
of F. We have the cycle map CH\X) ®z H^'{X, Z/(i)). The integral 
Tate Conjecture states that this map is surjective. 
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Let C be a smooth, projective, geometrically integral curve over F. Let 
X be a smooth projective, geometrically integral variety over F of dimension 
d+1 with a flat morphism X — )■ C with generic flbre X^/¥{C) smooth and 
geometrically integral. Let / be a prime not equal to the characteristic of F. 
A theorem of Saito/Colliot-Thelene ([Sa], [CT2]) asserts that if the cycle map 
CH'^{X) ®Zi ^ H'^'^{X, Zi{d)) is onto, then, the Brauer-Manin obstruction 
is the only obstruction for the local-global principle for the existence of zero- 
cycles of degree 1 on X^. 

For a certain class BTate{F) of smooth, projective varieties Y, Bruno 
Kahn ([K]) showed that the cycle map CH'^{Y) (g) Z/ ^ H'\Y, Zi{2) is onto 
if and only if if3^(F(F)/F, Qz/Z,(2)) = ([K]). Suppose F is a smooth 
projective variety with a dominant morphism Y ^ X, where X is a smooth 
geometrically ruled surface, with the generic fibre a smooth conic over F{X). 
By a theorem of Soule ([So]) Y is in BxateiF). We have the following 

Theorem 6.1 Let F be a field of characteristic not equal to 2. Let / be a 
prime not equal to the characteristic of F. Let X be a smooth, projective, 
geometrically ruled surface over F and Y ^ X a. surjective morphism with 
the generic fibre a smooth conic over F{X). Then the cycle map CH^{Y) (g) 
Zi //^(y, Zi{2)) is surjective. 

Proof. By the theorem of Soule ([So]), Y is in BTate{F) and by the theorem 
of Kahn ([K]), surjectivity of the cycle map follows from the vanishing of the 
group H^^{F{Y)/Y, Qi/Zi{2)) which is proved in (5.2). □ 

Corollary 6.2 Let F be a finite field of characteristic not equal to 2. Let 
X a smooth, projective, geometrically ruled surface over F and Y a smooth, 
geometrically integral 3-fold over F with a surjective morphism Y ^ X 
with generic fibre a smooth conic over F{X). Let C be a smooth, projective 
geometrically integral curve over F together with a surjective morphism X — > 
C. Let Yjj be the generic fibre of the composite morphism Y ^ X ^ C. 
Then the Brauer-Manin obstruction is the only obstruction to local global 
principle for the existence of zero-cycles of degree one on Y^. 

Proof. Suppose that there is no Brauer-Manin obstruction for the existence 
of zero-cycles of degree one on y^. Suppose that has a zero-cycle of degree 
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one over each completion of F(C). Since the characteristic of F is not equal 
to 2, by (6.1) and (Saito/CT), there exists a zero-cycle on of odd degree. 

Let be the generic fibre of the projection X — > C. Then — > is 
a conic fibration. In particular has a point of degree 2 over F(C). Hence 
Y^ has a zero-cycle of degree 1. □ 

Example 6.3. Let £^ be a smooth, projective geometrically integral non- 
rational curve over a finite field F of characteristic not equal to 2. Let 
X = £; X Let y X be as in (6.2) and X ^ 'P'^ he the projection. 
Let be the generic fibre of the composite y — )■ X ^ P^. Then is 
a non-rational surface over F(t) and Braucr-Manin obstruction is the only 
obstruction to local global principle for the existence of zero-cycles of degree 
one on Y^. 
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